Abstract. Let A be an algebra derived equivalent to a herditary algebra of wild type and let ρ(ϕ A ) be the spectral radius of the Coxeter transformation ϕ A of A. Assume that A = B[M ] is a one-point extension of an algebra B by an indecomposable module M. We find conditions for ρ(ϕ B ) ≤ ρ(ϕ A ).
For a finite dimensional k-algebra A of finite global dimension, the Coxeter transformation ϕ A is an automorphism of the Grothendieck group K 0 (A). given by the Auslander-Reiten translation (see [7] ). The characteristic polynomial χ A (T ) of ϕ A , called the Coxeter polynomial and the corresponding spectral radius ρ(ϕ A ) = { λ : λ ∈ Spec ϕ A } control the growth behavior of ϕ A and hence of τ D(A) [11, 15] . Clearly, χ A and ρ(ϕ A ) are invariant under derived equivalences of the algebra A and provide natural links between the representation theory of finite dimensional algebras and other theories: the theory of Lie algebras [2] , the theory of C * -algebras [6] , the spectral theory of graphs [3, 15] and the theory of knots and links [13] , among other topics.
In the representation theory of algebras several cases have been extensively studied. For a hereditary algebra A = k[ Δ] associated to a finite quiver Δ without oriented cycles, either Δ is Dynkin or affine and ρ(ϕ A ) = 1, or A is of wild type and ρ(ϕ A ) is a simple root of the Coxeter polynomial [19] ; moreover if A is wild for any non-preprojective indecomposable module X, the sequence of vectors ([τ n A X]) n∈AE grows exponentially with ratio ρ(ϕ A ), where τ A denotes the Auslander-Reiten translation in the module category mod A [15] . Moreover, if A is wild, we have ρ(ϕ B ) ≤ ρ(ϕ A ) for any algebra B = k[ Δ ] where Δ is a proper full subgraph of Δ (a result stated in [20] and with a complete proof in [21] ). For a canonical algebra A = A(p, λ), associated to a weight sequence p = (p 1 , . . . , p t ) of positive integers and a parameter sequence λ = (λ 3 , . . . , λ t ) of pairwise distinct non-zero elements from the base field k, the K-theory is well understood (see [11] ). In this case ρ(ϕ A ) = 1, even while A is a one-point extension B[M ] of the hereditary star B = T p 1 ,... ,pt which has spectral radius ρ(ϕ B ) arbitrarily large, (see (1.4) ). In case A is wild, that is T p 1 ,... ,pt is not Dynkin or affine, the growth of τ A is more complicated than in the hereditary case, since there are indecomposable A-modules X and Y for which ([τ A Y ]) n grow linearly, see [11] . In this work we consider the case of an algebra A derived equivalent to a hereditary algebra k [ Δ] , see [7, 8] . These algebras may be obtained by a finite sequence of tilting processes starting from k [ Δ] . Moreover, if Δ is of Dynkin or affine type, the construction of A and its Auslander-Reiten quiver is well described. In general, ϕ A is conjugate to ϕ k [ Δ] , hence if Δ is of wild type, ρ(ϕ A ) is a simple root of χ A (T ). On the other hand, in section 1 we show simple examples of derived hereditary algebras A and B, with B a full convex subcategory of A and ρ(ϕ B ) > ρ(ϕ A ). In section 3 we give conditions on a B-module M such that, for the one-point extension A = B[M ], the inequality ρ(ϕ B ) ≤ ρ(ϕ A ) is satisfied. Namely, we prove that such a module M should be
In section 4, we shall describe all possible one-point extensions B[M ], of a certain representation-finite algebra B derived equivalent to a wild hereditary algebra, by an indecomposable B-module M. For modules which are not derived-directing, we shall find algebras A = B[M ] which are not derived canonical or derived tame or wild hereditary; nevertheless, the spectral radius ρ(ϕ A ) of the Coxeter polynomial is 1 but not an eigenvalue of ϕ A . This new class of algebras will be studied in a forthcoming paper, [14] . Throughout, we work over an algebraically closed field k. The algebras, we consider, are associative with a unit element and finite dimensional over k if not otherwise stated. Usually, we consider left-modules and write mod A for the category of finite dimensional left A-modules. The ordinary duality Hom k (−, k) is denoted by D.
1. Fundamental facts and examples. 1.1. Let A be a k-algebra. By the Jordan-Hölder theorem, the Grothendieck group K 0 (A) of mod A is the free abelian group on the classes [ 
Defining the n × n Cartan matrix
1.2.
For a finite dimensional k-algebra A, Auslander and Reiten introduced the concept of an almost split sequence
as a non-split exact sequence associated to a non-projective indecomposable module X, with τ A X an indecomposable module and such that Hom A (Z, ξ) is an exact sequence for every indecomposable Z non-isomorphic to X. Then we get
where mod A (resp. mod A) is the stable category of modules modulo projectives (resp. injectives).
In general, the relation between τ A and ϕ A is not so nice, but it will be central for our paper. We recall here the following remarks from [17] : 
is the m-th cyclotomic polynomial. Moreover, the period (Coxeter number) indicates the minimal number n such that ϕ n A = id . In all these cases, ρ(ϕ A ) = 1.
For the case of a wild A, it is known that 1 < ρ(ϕ A ) is a simple root of the Coxeter polynomial χ A (T ), [19] . Then by [15] , there is a vector y + ∈ K 0 (A)⊗ R with positive coordinates such that y 
Let
Let B be the hereditary star T p 1 ,... ,pt obtained by 'killing' the vertex 0 in A. If B is of Dynkin or affine type, then A is a tame algebra. In the other case, both algebras B and A are of wild type. We compare the Coxeter polynomials of ϕ A and ϕ B ; see [11] :
1.5.
We have already mentioned the one-point extension construction for algebras. Recall that, if B is an algebra and M is a B-module, the one-point There are important relations between the invariants of A and B in case
We include a proof of the following Proposition because it is an important case of the situation considered in this paper.
Proposition. Let A = B[M ] be a one-point extension and X an indecomposable non-projective B-module.
(a) [17] If pdim B X ≤ 1 and Hom B (X, B) = 0, then
Since Hom B (X, M) = 0 and pdim B X ≤ 1, we get
The claim follows from (1.2.a).
(b): If B is of Dynkin or affine type, the result follows. Hence we may assume that B is wild and choose a regular B-module X.
Considering the B[M ]-modules as triples (
, id ) and therefore τ B X is a submodule of τ A X. Since for A hereditary, τ A preserves monomorphisms, we get
1.6.
An example of the difficulties to control the spectral radius is shown below.
Consider B the snowflake hereditary algebra with ρ(ϕ B ) > 1.
Form the algebra A with commutative squares defined from i to i (1 ≤ i ≤ 3) and for the sum of the paths γ 1 , γ 2 , γ 3 from 0 to 0 set γ 1 + γ 2 + γ 3 = 0. Then the algebra A is supercanonical [12] and has χ A (T ) = (T − 1)
with ρ(ϕ A ) = 1.
2. Derived-hereditary algebras.
The derived category D(
of mod A for each integer n ∈ Z, with objects written as X[n] and satisfying
Therefore, the derived category is the natural environment for the homological algebra of mod A. Moreover, there is a natural isomorphism
. By [8] , A is iterated tilted, that is, there is a sequence of algebras
In case m = 1, then A is said to be tilted. In this case, there is an isometry S :
Let B be a derived-hereditary algebra of wild class H with eigenvectors y
be an equivalence of triangulated categories inducing an isometry S :
) has all its coordinates positive. Assume (y
As above, we may choose X 1 ∈ mod H with F (X 1 ) = P 1 . We may suppose that X 1 is preprojective or regular.
Take a second projective, say P 2 , with 0 = f : Proceeding by connectedness, step by step, we get H-modules X i such that
X i . Therefore A is a tilted algebra.
2.4.
We show the, probably well-known, going-down property for derivedhereditary algebras.
Proposition. Let A = B[M ] be a one-point extension. Assume that A is derived-hereditary, then so B is.
Proof. Let P 1 , . . . , P n be the indecomposable projective A-modules and M = rad P n . For a triangulated equivalence F :
is a tilting object. Consider the exceptional object E = F (P n ) ∈ mod H (up to shifts). Then, for 1 
Clearly, D(B) = (P
3. One-point extensions of derived-hereditary algebras.
We consider the problem of finding conditions on a module B M in order that the derived-hereditary algebra
Recall that an indecomposable module X in mod A is directing if does not belong to any cycle of non-zero, non-isomorphisms between indecomposable Amodules. Similarly, we consider the concept of a directing object in a derived category D(A). Of particular interest is to recall that the directing H-modules for a hereditary algebra H are the preprojective and the preinjective modules. Thus the non-directing objects in D(H) are of the form X[n] for X a regular H-module and n ∈ Z. (1) If M is derived-directing, there exists a directing module X ∈ modH such that F (X[n]) = M. Assume that X is preprojective, the other case being similar. If n is even, y
If A is a derived-hereditary algebra and F : D(H) → D(A) a triangulated equivalence, the
(2) Let M be a derived-directing B-module. We may modify F in order to get a preprojective module X ∈ mod H with F (X) = M.
By [1], there exists an equivalence F : D(H[X]) → D(A) restricting to an equivalence D(H) → D(B). It is well-known that the algebra H[X] is tilted, hence it exists a hereditary algebra H and an equivalence D(H ) → D(H[X]).
for some X i ∈ mod H and n i ∈ Z. As in (2.3 c), all n i are equal and hence X 0 is not directing, a contradiction.
3.2.
We show the main result of our work. 
Theorem. Let B be a derived-hereditary algebra and let M be an indecomposable B-module. Consider the one-point extension
A = B[M ]. If M is derived-directing, then ρ(ϕ B ) ≤ ρ(ϕ A ).
Proof. Let F : D(H)
Since M is derived-directing, we may assume that y .1)). We analyze the case H Y preinjective and m = 0. Choose
We shall prove that xϕ
> 0 and b (n) < 0 for sufficiently large n and n − i.
We proceed by induction. For this purpose, observe that
Assuming the expression holds for n, then Since y
where c 0 = min
This shows the wanted expression for xϕ
is −∞ or a number c 1 < 0. Additionally, we know that 
[For the proof, 
4.2.
We shall determine all the one-point extensions by indecomposable modules of the algebra A, given by the quiver with all (six) relations x 3 = 0, up to derived equivalence. Clearly, A is representation-finite. We show that A is derived equivalent to the path algebra H of the wild hereditary star Δ of type [2, 3, 7] :
In order to show this, we realize the one-point coextensionĀ of A, given by the quiver with the six relations x 3 = 0, as the endomorphism ring of the tilting complex
T (i) over the weighted projective line X of weight type (2, 3, 7), as follows:
where τ is the Auslander-Reiten translation in D b (coh X) and L denotes the line bundle in coh X.
Therefore, there is a triangle equivalence D b (coh X) → D(A) sending T (i) to the indecomposable projective leftĀ-module P i . Note that T (11) is of the form E [4] for the line bundle E = τ 10 L such that the right perpendicular category
where
as a tilting complex with endomorphism algebra A. Since E ⊥ ∼ = mod (H), we conclude that A is derived-hereditary.
4.3.
There are 28 indecomposable A-modules, each determined by its support which is a segment of [1, 10] = {1, 2, . . . , 10}. We write M [a,b] for the indecomposable A-module with support [a, b] . This 28 modules belong to six different orbits under the action x → xϕ on K 0 (A), consisting of 8, 11, 3, 1, 3, 2 members, respectively, and where [2, 3] , M 4 = M [7, 8] , M 5 = M [4, 4] , M 6 = M [5, 5] is a system of representatives of the orbits. 
As in (1.3), φ n denotes the n-th cyclotomic polynomial and V n =
It is instructive to compare the above list of spectral data with the corresponding list of one-point extensions of the quiver Δ of type [2, 3, 7] by the indecomposable projective H-modules: Table 2 Since the 10 one-point extensions have pairwise different Coxeter polynomials, they belong to mutually different derived equivalence classes (despite the fact that there are different extensions H[P ] with the same spectral radius). 
The algebra
The following table yields the signatures for the indecomposable A-modules: Tables 1 and 2 .
(a): For M = M [8, 9] , we realize A[M ] as the endomorphism algebra of a
, where X is the weighted projective line of weight type (2, 3, 7) . Fix a line bundle L on X and denote by S 3 the simple sheaf of τ -period 7 with Hom(L, S 3 ) = 0. Let F stand for the middle term of the almost split sequence ] has Coxeter polynomial χĀ = φ 3 φ 6 φ 10 , the spectral radius ρĀ of φĀ is 1 and ρĀ = 1 is not a root of χĀ. This excludes the possibility thatĀ is derived-canonical or derived tame or wild hereditary. Moreover, the Coxeter polynomial ofĀ is not among the Coxeter polynomials of representation-finite hereditary algebras (1.3). HenceĀ is not derivedhereditary.
4.6.
Finally, we exhibit some additional properties ofĀ = [M 6 ]A. We are convinced that this class of algebras deserves further attention, see [14] .
Note thatĀ is given by the quiver with relation x 3 = 0, zx = 0. (2, 4, 5) and N is an indecomposable exceptional C-module.
Proof. T i ⊕ T 11 on a weighted projective line X of weight (2, 4, 5) as follows. Fix a line bundle L on X and denote by S i , (1 ≤ i ≤ 3) the uniquely determined simple sheaves of τ -period 2, 4 and 5 satisfying Hom(L, S i ) = 0, respectively. Setting
and T 11 = S 2 [2] yields a tilting complex with the required properties. The assertion follows by invoking [1] .
